Relative Entropy as a Measure of Difference Between Hermitian and
  Non-Hermitian Systems by Jeong, Kabgyun et al.
Relative Entropy as a Measure of Difference Between Hermitian and Non-Hermitian
Systems
Kabgyun Jeong∗
Research Institute of Mathematics, Seoul National University, Seoul 08826, Korea and
School of Computational Sciences, Korea Institute for Advanced Study, Seoul 02455, Korea
Kyu-Won Park†
Department of Physics and Astronomy, Seoul National University, Seoul 08826, Korea
Jaewan Kim‡
School of Computational Sciences, Korea Institute for Advanced Study, Seoul 02455, Korea
(Dated: June 25, 2020)
We employ the relative entropy as a measure to quantify the difference of eigenmodes between
Hermitian and non-Hermitian systems in elliptic optical microcavities. We have found that the
average value of the relative entropy in the range of the collective Lamb shift is large, while that
in the range of self-energy is small. Furthermore, the weak and strong interactions in the non-
Hermitian system exhibit rather different behaviors in term of the relative entropy, and thus it
displays an obvious exchange of eigenmodes in the elliptic microcavity.
I. INTRODUCTION
The Hermitian property of observables is one of the
fundamental principles in quantum physics. All the
eigenvalues of a given Hermitian system are real and its
eigenmodes corresponding to separable eigenvalues are
orthogonal to each other. An ordinary closed system,
such as a quantum billiard, has a Hermitian Hamilto-
nian with real eigenvalues [1]. However, a real physical
system cannot be completely isolated from its bath (or
environment); it always interacts with the bath. Hence,
the openness effect needs to be considered to study real-
istic physical models. A convenient and effective method
to deal with an open system is the application of a non-
Hermitian Hamiltonian model [2, 3] in terms of the Fes-
hbach projection-operator (FPO) formalism [4], in which
the FPO divides the total Hermitian system into two
subspaces of a non-Hermitian subsystem and a comple-
mentary subsystem known as bath.
The Hamiltonian operator of a non-Hermitian sys-
tem typically has complex eigenvalues, and its eigen-
modes corresponding to different eigenvalues are bi-
orthogonal [5] contrary to those in the Hermitian cases.
Non-Hermitian Hamiltonians were originated from nu-
clear physics [4] in 1958; nowadays they have been ap-
plied to diverse quantum mechanical systems not only in
atomic [6] and solid state physics [7], but also for opti-
cal microcavities [8, 9]. Furthermore, non-Hermitian sys-
tems exhibit various physical phenomena such as phase
rigidity [10], spontaneous emissions [11, 12], parity–time
symmetry [13, 14], exceptional points [15–17], and Lamb
shifts [18, 19].
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The Lamb shift describes the small energy difference in
a quantum system due to system–bath coupling or vac-
uum fluctuations [20, 21]. The effect was first studied in
the case of the hydrogen atom [20], and recently it has
been investigated in metamaterial waveguides [22], open
photonic systems [23], and optical microcavities [18, 19].
In our previous works [18, 19], we have employed the
Lamb shift as a tool to systemically compare the Hermi-
tian and non-Hermitian systems, by quantifying the dif-
ference between the energy eigenvalues of the Hermitian
and non-Hermitian systems. However, certain appear-
ance of the Lamb shift and the collective Lamb shift be-
tween two systems is very weak when the openness effects
mostly appear in the imaginary part of the energy eigen-
values. Accordingly, we need to overcome this problem
considering a different disparity, not of eigenvalues but of
the eigenmodes in open systems. For this, we exploit the
notion of relative entropy [24, 25], which is typically used
to measure a difference given in the form of two proba-
bility distribution functions, to quantify the difference
between the Hermitian and non-Hermitian eigenmodes.
In this article, we study such transitions for two-
dimensional optical microcavities, which, owing to the
isomorphic property of wave equations between optics
and quantum physics, can be a good platform to inves-
tigate the wave-mechanical profiles [26, 27]. The opti-
cal microcavities are very attractive resources for op-
toelectronic circuits both experimentally and theoreti-
cally [28, 29]. They also present various physical proper-
ties such as a scar [30], unidirectional emissions [31–33],
high-quality factors [34, 35], dynamical tunnelings [36–
38], ray dynamic [39], and Lamb shifts [18, 19]. Specif-
ically, we employed an elliptic microcavity as our open
system, where it is appropriate for considering openness
effects as the closed elliptic system is an integrable system
and it clearly cannot result in any avoided crossings [40],
as the avoided crossings are only induced by openness ef-
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2fects [8, 9]. Before presenting the main result, we briefly
review the Hamiltonian of a non-Hermitian system and
the two types of interactions in the optical microcavity.
A. Non-Hermitian Hamiltonian and Two Types of
Interactions
This subsection provides basic notions of the non-
Hermitian Hamiltonian of optical microcavities that are
used in this article, and also discusses imaginary eigen-
values. Let us first consider a Hermitian Hamiltonian
in a closed system S, known as a Hermitian system.
As mentioned above, it always has real eigenvalues and
its eigenmodes with different eigenvalues are orthogonal.
Without the complete isolation of the system, it is natu-
ral to assume that the system interacts with its bath B;
thus, the resulting system is open. In this case, the open
system can be effectively described by a non-Hermitian
Hamiltonian [2, 3].
The non-Hermitian Hamiltonian describing an open
system can be defined by introducing FPOs ΠS and
ΠB acting on the system subspace and on the bath,
respectively, under the conditions [4] ΠSΠB = 0 and
ΠS + ΠB = IW . Here, ΠS is a projection onto the
closed system whereas ΠB is a projection onto its bath,
and IW denotes an identity operator acting on the to-
tal space. With those projection operators and the Her-
mitian Hamiltonian for the total space (namely, HW ),
we can easily define suitable operators such that HS =
ΠSHWΠS , HB = ΠBHWΠB , VBS = ΠBHWΠS , and
VSB = ΠSHWΠB . Here, HS and HB are the Hamiltoni-
ans of the closed system and the bath, respectively, and
VBS and VSB denote the interaction Hamiltonians be-
tween the system and bath. Finally, we can formulate an
effective non-Hermitian Hamiltonian for this open system
as [2, 3]
HNH = HS + VSBG
(∗)
B VBS , (1)
with an out-going Green function G
(∗)
B belonging to
the bath. In general, the Hamiltonian HNH has com-
plex eigenvalues (ζj), and its eigenmodes |ψNH〉 are bi-
orthogonal to each other. It should be noted that the
system Hamiltonian HS has real eigenvalues (λj) with
orthogonal eigenmodes |ψj〉S . To study the openness ef-
fects, the matrix components of HNH can be explicitly
written separately with respect to the eigenbasis in HS
as
HNH =
(
η11 η12
η21 η22
)
+
(
δ11 δ12
δ21 δ22
)
, (2)
where the η- and δ-components indicate the Hermitian
part with real and the non-Hermitian parts with complex
eigenvalues, respectively.
It is known that in the case of an integrable system S,
the Hamiltonian HS has only diagonal ηjj terms. Fur-
thermore, to simplify the consideration of strong and
weak interactions we also assume that the effective (non-
Hermitian) Hamiltonian HNH is symmetric and the off-
diagonal (i.e., coupling) terms are real. Then, HNH can
be rewritten in matrix representation as
HNH =
(
η11 + δ11 δ
′
δ′ η22 + δ22
)
, (3)
where ηjj , δ
′ ∈ R, and δjj ∈ C. It should be noted
that the diagonal terms (δjj) correspond to the individual
interactions of the energy levels with the bath; however,
the off-diagonal or coupling terms (δ′) correspond to the
interaction of energy levels through the bath. Thus, the
eigenvalues of the effective Hamiltonian are given by
ζ± =
1 + 2
2
± d, (4)
where j = ηjj+δjj and d =
√
(1−2)2
4 + δ
′2. In the case
of strong interaction, i.e., 2δ′ > |Im(1) − Im(2)|, the
eigenvalues of HNH show a repulsion in the real part (of
complex energies) with a crossing at their imaginary part.
Nevertheless, the eigenvalues of HNH show a repulsion in
the imaginary part while a crossing occurs in the real
part in the case of 2δ′ < |Im(1)− Im(2)|, i.e., the weak
interaction [41].
II. EIGENVALUES AND EIGENMODES IN
ELLIPTIC OPTICAL MICROCAVITIES
In the present work, we consider an elliptic optical mi-
crocavity as a model for the open system. The closed
variant of this optical cavity belongs to an integrable
system, and thus it cannot show any avoided crossings
(i.e., repulsions) [40]. In this framework, we can clearly
observe openness effects related to the avoided crossings.
Here, we can obtain the eigenvalues and eigenmodes of
the non-Hermitian Hamiltonian HNH mentioned above
only by solving the Helmholtz equation. Furthermore,
we can plot the values by exploiting the boundary ele-
ment method [42] for transverse magnetic (TM) modes;
we choose different boundary conditions satisfying ψ(r =
Γ) = 0 for the closed system, while ψin(r = Γ) =
ψout(r = Γ) and ∂nψin(r = Γ) = ∂nψout(r = Γ) for the
open system. Here, r denotes a two-dimensional position
vector, Γ indicates a boundary of the optical cavity, and
∂n is the normal derivative. In our cases, the Helmholtz
equation is naturally given by ∇2ψ + n2k2ψ = 0, where
ψ denotes the vertical component of the electric field, n
is the refractive index of the optical cavity, and k is the
wave number.
In the following, we carefully analyze certain eigen-
value trajectories and eigenmode patterns for the effec-
tive non-Hermitian Hamiltonian NNH under two cate-
gories, that is, the strong and weak interactions in the
elliptic optical microcavity. In this section, first we dis-
cuss the strong interaction.
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FIG. 1. Eigenvalues and their eigenmodes for strong interaction: the blue and orange lines correspond to level-1 and level-2,
respectively. The thin dashed lines represent the closed system whereas the thick dotted lines indicate the open system. (a)
Real part of the eigenvalues as a function of the deformation parameter ε. The thin dashed lines show a crossing while the thick
dotted ones indicate a repulsion at ε ≈ 0.21. (b) Imaginary part of the eigenvalues as a function of the deformation parameter
ε. They show a crossing at ε ≈ 0.21. (c) Configurations indicating mode intensities of certain representative eigenmodes for
level-1. The shapes a1 and a3 indicate the exchange of the mode patterns. (d) Mode intensities of certain representative
eigenmodes for level-2. They show similar trends to those in the plots in panel (c).
A. Strong Interaction
For a given effective Hamiltonian HNH, if any repulsion
is observed between the energy levels in the real part (not
in imaginary) regime, the interaction is usually consid-
ered to be strong. Figure 1 shows a number of repre-
sentative eigenvalue trajectories and eigenmode patterns
of the effective Hamiltonian for the strong interaction
under the deformation parameter ε ∈ [0, 0.23] with re-
fractive index at n = 2.825 (fixed) in the elliptic optical
microcavity. The parameter ε is directly connected to
the major axis (a = 1 + ε) and the minor axis (b = 11+ε )
of those ellipses, and the area of all ellipses is maintained
as pi. For convenience, we consider a two-level system
only. Here, we label the blue colors as “level-1” and the
orange colors as “level-2” in both cases for the open and
closed systems. The eigenmodes for level-1 at ε = 0 (cir-
cle) has a radial quantum number l = 5 and an angular
quantum number m = 8, beside the eigenmodes for level-
2 at ε = 0 (circle) has radial quantum number l = 3 and
angular quantum number m = 14, respectively. Further-
more, the thin dashed lines represent the eigenvalues of
the closed system whereas the thick dotted lines repre-
sent those of the open system. Figure 1(a) shows the real
part of the eigenvalues of both the closed and open sys-
tems as a function of the deformation parameter ε. The
thin dashed lines (i.e., closed system) exhibit a crossing,
while the thick dotted (i.e., open system) exhibit a repul-
sion at ε ≈ 0.215. There is no repulsion of eigenvalues in
the closed elliptic system as it belongs to an integrable
system, which has no interaction in the system. Thus,
this clearly confirms that the repulsion of eigenvalues in
an open elliptic system completely results from the effects
of openness. The imaginary part of the eigenvalues of the
open system is also plotted in Figure 1(b), where they ex-
hibit a crossing at ε ≈ 0.215. This indicates the essential
feature for manifesting strong interaction, as mentioned
above.
In addition, Figures 1(c) and 1(d) show explicit eigen-
mode patterns for level-1 and level-2, respectively. The
subtle change in the eigenmode patterns in the closed
system is comparable to those in the open system at
the narrow region, known as collective Lamb shift, i.e.,
ε ∈ [0.2, 0.23]. This change is due to the variation of
the geometric boundary conditions. Nevertheless, an
open system shows a rather different aspect. That is,
the eigenmodes corresponding to a1 and b1 are definitely
4mixed at the center of the avoided crossing (i.e., a2 and
b2) and then they are exchanged at a3 and b3. This ex-
change of the eigenmodes across the avoided crossing is
also a necessary feature for the strong interaction. In the
following section we discuss the weak interaction for the
effective non-Hermitian Hamiltonian in an open system.
B. Weak Interaction
As a complementary part of the strong interaction,
Figure 2 shows the weak interaction in terms of eigen-
value trajectories and eigenmode patterns with ε ∈
[0, 0.23] and the constant refractive index n = 2.82. Ap-
parently, Figure 2 similar to Figure 1. However, directly
opposite properties can be recognized from the magni-
fied view of the insets of Figures 1 and 2. The thick
dotted lines in Figure 2(a) clearly reveal a crossing at
ε ≈ 0.215, while those in Figure 2(b) show a repulsion
at ε ≈ 0.215. Actually, these phenomena are the main
characteristics of the eigenvalues to define the weak in-
teraction itself. Moreover, the overall morphologies of
the mode pair (a1,a3) in Figure 2(c) are similar to each
other. The mode pair (b1,b3) in Figure 2(d) exposes sim-
ilar trends to those in Figure 2(c). These properties indi-
cate that there are not any exchanges of the eigenmodes
in the weak interaction regime.
In addition, we can presume that an exceptional point
(EP) is located in the range of n ∈ [2.82, 2.825], as the
EP is a singular point in the parameter space in which a
transition between the weak and strong interactions takes
place. Indeed, the EP is located near at n ≈ 2.8238 and
ε ≈ 0.2134 (not shown). It should also be noted that the
two-eigenmode patterns (i.e., a2 and b2) are similar to
each other as they lie near to the EP.
III. LAMB SHIFTS IN ELLIPTIC OPTICAL
MICROCAVITY
In this section, we discuss the Lamb shift, which is a
small difference of energy levels in the elliptic optical mi-
crocavities. As it has been found recently, there are two
kinds of Lamb shifts [21, 43]. The first type is known as
the self-energy or simply Lamb shift in atomic physics:
an energy-level shift occurs due to the individual interac-
tion of energy levels with their bath. The second type is
the collective Lamb shift : it is an energy-level shift aris-
ing from the interaction of energy levels with each other
via the external bath [43].
In the framework of non-Hermitian systems, the Lamb
shift is defined by the differences between the real eigen-
values (λj) of HS and the real part of complex eigenvalues
(ζj) of HNH. For any j, it is defined by
Lj = λj − Re(ζj). (5)
Considering the matrix elements of the non-Hermitian
Hamiltonian, it should be noted that the diagonal com-
ponents of the non-Hermitian Hamiltonian (δjj) result
in the self-energy (i.e., detuning), while the off-diagonal
components (δjk) of the Hamiltonian matrix result in the
collective Lamb shift (i.e., avoided crossing) [8, 43].
As shown in Figure 3, when the deformation parame-
ter ε is varied, the Lamb shift L in the strong and weak
interaction regions can be plotted as a function of ε. The
Lamb shift (dashed-dot line) shown in Figure 3 is just
the difference between the same colored curves in Fig-
ures 1 and 2, i.e., the dashed orange (blue) lines and
dotted orange (blue) lines. Figure 3(a) shows the Lamb
shift in the strong interaction region. In that case, L is
changed drastically across the avoided crossing. On the
contrary, the Lamb shift in the weak interaction region,
shown in Figure 3(b), only changed slightly, compared to
that shown in Figure 3(a). This is because the avoided
crossing takes place at the real part in the strong inter-
action range, while the avoided crossing occurs at the
imaginary part in the weak interaction range. Although
the Lamb shift formally describes the openness effects of
a system, the phenomenon cannot capture the essential
feature of the weak interactions easily, as it only deals
with the energy-level shift; the Hermitian Hamiltonian
does not have any imaginary part of the energy compa-
rable to the non-Hermitian Hamiltonian. Therefore, we
need to consider a general method to quantify the differ-
ence between the Hermitian and non-Hermitian systems
using an entirely different measure for entropic quanti-
ties.
IV. RELATIVE ENTROPY FOR HERMITIAN
AND NON-HERMITIAN SYSTEMS
As discussed above, Lamb shifts only on the eigen-
values have a limit to describe the nature of openness.
Here, we propose that comparing eigenmodes is a more
generic and appropriate method for describing a differ-
ence between Hermitian and non-Hermitian systems. For
this reason, we introduce the notion of relative entropy
(also known as the Kullback–Leibler divergence) [24, 25].
The relative entropy is a measure of the difference in two
probability distributions on the probability space. For
any discrete probability distributions P and Q, the rela-
tive entropy is generally defined as
DKL(P‖Q) =
N∑
j=1
P (xj) log
P (xj)
Q(xj)
, (6)
where N is the total number of elements in the discrete
probability distribution.
First, to apply the relative entropy to the optical sys-
tem, the probability distributions on Q(xj) and P (xj)
need to be defined for any j. These probability dis-
tributions can be obtained by considering the normal-
ized mode patterns corresponding to the each eigenmodes
in the Hermitian and non-Hermitian systems, respec-
tively; that is,
∑N
j=1 |ψS(xj)|2 =
∑N
j=1Q(xj) = 1 and
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FIG. 2. Eigenvalues and their eigenmodes for weak interaction. (a) Real part of eigenvalues as a function of the deformation
parameter ε. The thick dotted lines show a crossing. (b) Imaginary part of eigenvalues as a function of the deformation
parameter ε. They show a repulsion at ε ≈ 0.21. (c) Configurations denoting mode intensities of certain representative
eigenmodes for level-1. The shapes a1 and a3, indicate the non-exchange of the mode patterns. (d) Mode intensities of certain
representative eigenmodes for level-2. They show similar trends to those of the plots in panel (c).
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FIG. 3. Lamb shifts in the strong and weak interactions as a
function of the deformation parameter ε. (a) Lamb shift L in
the strong interaction in which the shift is changed drastically
across the avoided crossing. (b) Lamb shift L in the weak
interaction changed slightly across the avoided crossing.
∑N
j=1 |ψNH(xj)|2 =
∑N
j=1 P (xj) = 1. Here, N is a mesh
point of the discretization of the area within the cav-
ity into N pieces. With these normalized mode patterns
(i.e., probability distributions), we can numerically cal-
culate the relative entropies of each eigenmodes in the
cavity; the results are shown in Figure 4.
A. Relative Entropy in Self-energy
Figure 4 shows the relative entropiesDKL for the eigen-
modes as a function of the deformation parameter ε. For
level-1, the black dashed lines represent calculations un-
der strong interaction and the red dotted lines represent
results under weak interaction while for level-2 the blue
dashed lines and the green dotted lines represent results
from strong and weak interactions, respectively. The rel-
ative entropy exhibits rather different behaviors accord-
ing to the different openness effects: both of the two DKL
entropies in the self-energy range (i.e., ε ∈ [0, 0.2]) have
lower average values compared to that in collective Lamb
shift. They are moving around the value of DKL ≈ 0.5
and varied slightly depending on the parameter ε. These
results are not unexpected, as it can be clearly seen that
the overall morphologies of two eigenmode patterns (a0
and A0) are similar to each other. Likewise, the pairs of
eigenmode patterns of (a1,A1), (b0,B0), and (b1,B1) are
individually similar to each other. This pattern occurs
due to the fact that the self-energy in an open system can
be regarded as an interaction with the bath itself, and it
only changes the boundary condition of the eigenmode
on the system, resulting in a decay mode with nearly
invariant overall morphology.
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FIG. 4. Relative entropy of eigenmodes: the relative entropy DKL is plotted as a function of the deformation parameter ε. (a)
For level-1, the black dashed lines indicate the strong interaction and the red dotted lines represent the weak interaction. The
relative entropy in the self-energy range has lower average values compared to that in the collective Lamb shift. (b) For level-2
it has similar performance to that in level-1.
B. Relative Entropy in Collective Lamb Shift
Contrary to the relative entropies in the self-energy
region, those in the collective Lamb shift region exhibit
diverse behaviors as shown in the insets of Figure 4. In
the case of weak interaction, both dotted lines (red and
green) are maximized at the center of the avoided cross-
ing (ε ≈ 0.215) with the value of DKL ≈ 0.8. In other
words, it can be verified that the two values of the rel-
ative entropy at the ends of the avoided crossing do not
change significantly, which can be explained as follows.
The interactions of eigenmodes via the bath result in,
without modes exchanging, a coherent superposition of
eigenmodes as well as a mixing of them. As a result,
the mixed eigenmodes a2 and b2 in the non-Hermitian
system are considerably changed compared to the eigen-
modes A2 and B2 in the Hermitian system, and then
the non-exchange of the eigenmodes (a3 or b3) across the
avoided crossing reduces the relative entropy.
Nevertheless, the curves of the relative entropies under
strong interaction (dashed lines) keep increasing, pass-
ing the center of the avoided crossing and they are sat-
urated to larger values rather than those far before the
avoided crossing. This behavior clearly reveals the ex-
change of eigenmodes from a1 (b1) to a3 (b3) shown in
Figure 1; thus, we can quantitatively describe the ex-
change of eigenmodes. It should also be noted that at
the center of the avoided crossing, the value of DKL in
the strong interaction (dashed lines) is lager than that in
the weak interaction (dotted lines). This confirms that
the strong interaction is actually stronger than the weak
one. Thus, the difference between the Hermitian and
non-Hermitian systems can be quantified by exploiting
the relative entropy, even when the Lamb shift cannot
provide any significant information on it.
V. COMPARATIVE DIFFERENCE OF
SHANNON ENTROPIES
In general, the relative entropy is not equal to the
comparative difference of Shannon entropies E, and they
are equal to each other only when the probability Q
has a uniform distribution [24], i.e., Q = 1N . This
fact can be confirmed in our non-Hermitian system.
Each dotted lines in panels (a), (b), (e), and (f) of
Figure 5 denotes the Shannon entropy of HNH for the
non-Hermitian system, and it is defined by ENH(P ) =
−∑Nj=1 P (xj) logP (xj). Each dashed lines represents
ES(Q) = −
∑N
j=1Q(xj) logQ(xj) for its corresponding
Hermitian system, and each dot-dashed lines in panels
(c), (d), (g), and (f) in Figure 5 corresponds to their
comparative difference, ∆E(P : Q) = ENH(P )− ES(Q).
As can be seen clearly, ∆E exhibits very different prop-
erties with respect to the relative entropy DKL. For ex-
ample, the average of the ∆E values is less than that of
the DKL values, and at the center of the avoided cross-
ing, ∆E in the strong interaction is similar to that in the
weak interaction, contrary to the relative entropy.
VI. DISCUSSION
We studied the relative entropy to quantify the differ-
ence of eigenmodes between the Hermitian (closed) and
non-Hermitian (open) systems in an elliptic optical mi-
crocavity. Although, our previous work employing Lamb
shifts studied this question, the result cannot be applied
directly to the weak interaction regime. In this study,
we improved the limit by investigating the interactions
not on the eigenvalues but on the eigenmodes under the
same optical settings.
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FIG. 5. Comparative differences of Shannon entropies for Hermitian and non-Hermitian systems. (a) Shannon entropies of
level-1 for open (red dots) and closed (red dashed) systems in the weak interaction. (b) Shannon entropies of level-1 for open
(black dot) and closed (black dash) system in the strong interaction. (c) Comparative difference of two kinds of Shannon
entropies in panel (a). (d) Comparative difference between two kinds of Shannon entropies in panel (b). (e) Shannon entropy
of level-2 for open (green dots) and closed (green dashed) systems under weak interaction. (f) Shannon entropy of level-2 for
open (blue dot) and closed (blue dash) systems under strong interaction. (g) Comparative difference between two kinds of
Shannon entropies in panel (e). (h) Comparative difference between two kinds of Shannon entropies in panel (b).
Especially, the average value of the relative entropy in
the collective Lamb shift is larger than that of in the self-
energy region. In addition, at the center of the avoided
crossing the value of the relative entropy in the strong
interaction is larger than that in the weak interaction
regime. This directly confirms that the strong interaction
is actually stronger than the weak interaction in the opti-
cal microcavity. We also studied the dramatic exchanges
of eigenmodes quantitatively by employing the relative
entropy. Specifically, the exchange of eigenmodes takes
place when the relative entropy keeps increasing across
the avoided crossing. In addition, we confirmed that a
comparative difference of the Shannon entropies is differ-
ent from the relative entropy in both cases of the strong
and weak interactions.
There are still several interesting questions about the
non-Hermitian systems in the optical microcavities. In
future studies, quantum versions of entropy, such as von
Neumann entropy and quantum mutual information, can
be considered instead of the classical cases, such as Shan-
non or relative entropies, for quantum entanglement in
the cavity. We expect that those kinds of researches can
extend our current knowledge on quantum information
and quantum sensing technologies beyond the studies on
the optical aspects only.
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